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New Models for the Solution of Intermediate Regimes
in Transport Theory and Radiative Transfer:
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In this paper we propose, derive, and establish the mathematical foundations of
new models for the solution of intermediate regimes in transport theory and
radiative transfer. These new models consist of coupling the transport equations
with their diffusion approximations. Our mathematical theory includes the
rigorous derivation of these models, the existence theory, the positivity of the
solutions, and the asymptotic analysis. We also give the rate of the asymptotic
decay. In order to solve the new coupled problem we propose to use the trans-
mission time marching algorithm introduced and studied in refs. 10, 13-15. We
then study the convergence of the resulting algorithm. These studies are based in
an essential way on the methods we introduced in refs. 14, 15.

KEY WORDS: Asymptotic behaviour; boundary layers correctors coupling of
transport equations and their diffusion approximations; diffusion equations;
transmission time marching algorithm; transport equations.

1. INTRODUCTION

The scaled transport equations [1, 2, 3] correspond to finding u (x, v, t)
such that

0 1 1

alf = ——0Vu S IK-Du+pm, 0 XxS?xJ04+0[ (D
u,(x,v,t)=0, (x,v)el_, t>0 2)
u,(x,v,0)=u;(x) in X xS? ?3)
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where X is an open bounded of R?>, I'_ ={(x,v)€dX xS%v,-v<0},
S? is the unit sphere of R’, (Kg)(x,v) = [ f(v',v) g(v') dv' Vge L*(S?),
u,(x, v, t) is the density of neutrons at x with velocity v at time ¢, u; = u;(x)
is a given positive function independent of v. The data 2 is a bounded and
positive function depending only of the position x. The data y is a bounded
function. The parameter ¢ is the mean free path, which is defined as the
ratio of the average distance traveled by a neutron between two successive
collisions and a characteristic length of the problem in consideration. The
function f is defined by f(x, v', v) = |v'| c¢(x, v") g(x, v' — v) with

g(x, v - v) dv probability that any secondary neutron (which may be
the original neutron but with a new velocity in a simple scattering event)
induced by an incident neutron with velocity v’ will be emitted with velocity
vin dv

¢(x,v") mean number of secondary neutrons emitted in a collision
event experienced by an incident particle with velocity v at position x

This equation describes the evolution of a neutrons population in a
domain of R*® occupied by a medium which is in interaction with the
neutrons. Similar processes arise in wide variety of physical phenomena
such as radiative transfer, etc...

Solving the transport equations is difficult and this difficulty increases
as the mean free path becomes smaller. Therefore it is apparent that the
development of approximate descriptions to the transport equations is a
very important aspect of transport theory. One of the most important
approximations consists of approximations that remove the velocity
dependence of the transport equation. This leads for example in neutron
transport or radiative transfer to the so-called diffusion approximations.
We shall first describe the derivation of such equations and then examine
their domain of validity.

Assuming for simplicity that u; is independent of v, we then obtain:©

The solution u, of the transport problem

? 1 1
alf:—Ev-Vua—l-?Z(K—I)us%—yus in XxS?x70,40[ (@)
u,(x,v,t)=0, (x,v)el_, t>0 %)

u,(x,v,0)=u;(x) in XxS? 6)
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and the solution u of the diffusion problem

ou 0 Ou )

Eza_x,.“"fa_xj”” in X x ]0,4+oo[ @)
u(x, t) =0, xedX, t>0 ®)
u(X, 0) = ul(x), in X (9)

satisfy
VeZ0|lu, (-, -, 0)—u(-, Dlliepxsy <ee”*C,

where J = sup, y(x), and C, is a positive constant (independent of ¢).
L*(X x §?) denotes the space of bounded measurable functions in X x S

This approximation is valid under the additional assumption:

The point x is far from the boundary 0X and far from the regions of
X for which the data X, f, and ¢ have large variation.

Results of this type are obtained by various authors; see for example
refs. 8,9, 11, 3, 2, 12, 1 and the references therein.

The coefficients of the diffusion equations can be computed from
those of the transport equations. The diffusion equations (7)—(9) are much
easier to study than the transport equations (4)—(6):

On the mathematical level, diffusion equations are endowed with rich
mathematical theory,

On the numerical level the diffusion equations are much easier to solve
on computer than the transport equations.

In a number of applications we use the transport equations to
compute the physical coefficients involved in the diffusion equations, and
then we solve the diffusion equations.

A second order approximation in ¢ of the solution u, of the transport
equations is obtained in the following result (see ref. 6 and the references
therein for more details)

Theorem 1.1. Let u, be the solution of Eqgs. (4)—(6). Let u and w be
the solutions of

0 Ou = in X
ox, a;; ax]- yu=g, >

uloy =0
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0 ow
——la, — |—yw= inX
ox, <a,] axj> yw =0, in
L
Wlox = X ov

where L is a positive constant (independent of the data g); then we have for
all spaces L?(1 < p < 0)

S L
u,—| ute Sr w

<&C,,
XX xV)

where b is a boundary layer corrector, C, , is a constant. L? is the space of
measurable functions such that j x 1g|? dx is finite.

The introduction of the boundary layer correctors which are related to
the Milne problem implies that for the free surface boundary condition the
density is approximated by O at a point which represents the “extra-
polated” boundary (which is extended by the extrapolation length).
However, the true density does not vanish outside the boundary. Thus, the
diffusion theory does not give a good approximation near the boundary.
Rather, the extrapolated boundary conditions are intended to yield the
proper density only in the interior of the region of interest several mean
free paths away from the surface. Moreover, the diffusion theory together
with boundary layers corrrectors are not valid near and in the regions of X
for which X, f, and g have large variation.

In this paper we shall introduce an alternative model to these classical
methods. We shall then establish the mathematical foundations of these
new models. Our method consists of using the right physical model in its
domain of validity and couple the resulting models. This method involves
additional mathematical difficulties related to the matching of equations of
these models. However, this approach has several advantages. One of the
great advantages is the use of the correct model related to the physical
features of the system. We shall then develop the mathematical theory of
these new models. This theory is based in a crucial way on the methods we
introduced in refs. 14, 15.

The rest of this paper is organized as follows. In the next section we
shall introduce and derive our models. In Section 3, we shall establish the
existence theory in L® and prove the positivity of the solutions for our
models. The results of this section are based on ideas of Papanicolaou,"
the maximum principle, and the transmission time marching algorithm. In
Section 4, we establish the existence theory in L2 This result is based on
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Hille-Yosida theory and the methods of ref. 14. In Section 5, we study the
asymptotic behaviour of the solutions to our models. In Section 6, we study
the convergence properties of the algorithm resulting from the applications
of the transmission time marching algorithm to the approximations of the
solutions to our new models. These results are based in a crucial way on
the methods we introduced in refs. 14, 15. Finally, we give in Section 7
some concluding remarks and extensions.

2. PROPOSED MODELS

Let X,, X, be two opens of R? such that
X,X,cX, X,uX,=X, X,=X-X,, I,=0X,nX=0X,nX

Assume that X, is the domain where the diffusion theory gives a poor
approximation to the density of particles while in X, the diffusion theory is
correct. Then we propose the following physical model consisting of two
models: the transport model used in X, and the diffusion model used in X,

0 1 1
a’f = =0V 4 S(K— D)+ 7, in X, x S*x 10, + 0 (10)
ue(xa v, t)=09 (xa v)e((aXl\FIZ)XSZ)—a t>0 (11)
us(x5 v, t) = U(X, t)a (X, U) € (FIZ X Sz)—a t>0 (12)
u,(x,v,0) = u;(x) (x,v) e X, xS? (13)
u_0 , 0, in X, x70,+o0[ (14)
—_—= 0., — Uu
o ox, ox, 2% J5reo
u(x, t)=0, xE@XZ\Fu, t>0 (15)
& Ou

uJ‘sz,wnl;Ov.nl dx_Z(x) sZ,uAm;oa_x,-D"v.nl dv

=, u,(x,v,t)v-n, dv xely, t>0 (16)

S5 0-n 20

u(x’ 0) = MI(X), X € XZ (17)

where n denotes the unit exterior normal vector to X;. We shall refer
to this model as the model («). We shall briefly describe the derivation of
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the matching conditions (12) and (16) between the two models. Set
u, = uy + eu; +&°u, +1,. We then make the approximation

us(xa v, t)=u0(x= t)=u(x9 t) (xs U)G(FIZXSZ)—7 t>0

To obtain the transmission condition (16), we assume that the flux of
particles

J, ;= f L Uiy (x, v, 1) dv
S

is conserved through I";,, which is justified from physical point of view.

J,-n= u(x,v,t) v-ndv+ u,(x,v,t) v-ndv
vsSz,v-n>0 ueSZ,v-n<0

= (Js n)++(‘]s '”)7
If we make the approximation: u, = u, + &u, then

e eD;, Ou
e = 2(x) 0x,

and

eD, Ou
. = — L . d
L{umzo u,(x,v,t)v-n, dv fs2,u-n1>o (u T(x) ox, > v-n, dv

=uJ v-n dv
Sz,v-n1>0

e ou
_ M pvnd
T s emsody, AT

The transport problem is difficult to solve for small mean free path.
Since in this case the diffusion theory is not valid near (but valid outside a
neighbourhood of the boundary) the boundary we need only take X, to be
a small neighborhood of the boundary. Therefore, we need only solve the
transport equations on a small domain X;. The two problems (the diffusion
equations and the transport equations) are only coupled by their boundary
conditions. Therefore, they can be solved by two independent solution
techniques.

Assuming now that the diffusion theory gives a good approximation
of the transport equations everywhere except on the surface (for the
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boundary conditions). Then in this case we take X, = X. The model we
propose corresponds to the following physical model consisting of two
models: the transport model used in X, and the diffusion model used
globally in X, = X,

‘Z‘; - —%v-Vuﬁ—éZ(K—I) w4y, in X, xS?x 70,4+ oo[ (18)
u,(x,v,t)=0, (x,v) e OX,\I',)xS?_, t>0 (19)
us(xa v, t) = u(x9 t)s (X, U) € (F12 X SZ)—a t>0 (20)
u,(x, v, t) = u;(x) (x,v) e X, xS? 2}
ou 0 Ou

—=—a,— in X 22
2 o, a; axj+)/u in x 10,4+ oo[ (22)
u(x,1) =0, xedX\oX,, t>0 (23)
(J-n)_ =f2 u(x,0,0)v-mydo  xedX,\I'y, t>0 24)

S, 0-n <0
u(x, 0) = u;(x), xeX (25

The resulting model will be refered to as the model (f). The derivation of
the matching conditions (20) and (24) between the two models is similar to
the derivation of (12) and (16) for the coupled models (10)-(17). For the
transmission condition (24), we use the kinetic definition of the flux J © n.
In practice this amounts to a discrete kinetic definition of the flux J © n.

In fact a large variety of boundary conditions are possible. Without
changing the global solver (for the diffusion equations) our coupled models
give an easy way of supplementing and testing a large variety of transport
boundary conditions.

The general algorithm that we propose for the solution of our models
(«) and () is to integrate the evolution problem (10)-(17) and (18)—(25)
with respect to time using the transmission time marching algorithm
introduced and studied in refs. 10, 13, 14, 15 (see also the references
therein). This integration in time is then achieved by the following
uncoupled semi-explicit algorithm, where the operators are treated impli-
citly inside each subdomain and where one of the coupling boundary
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conditions is treated explicitly and the other is treated implicitly. For the
model (), we obtain

s Set u® =u, and u® =y,

* then, for n >0, u™ and 4™ being known, solve successively

(n+1) (n)

u —u 1 1 )

- = VU4 S Z(K-Dul T+ in X, xS?
& &

At
(26)
ul D(x,0)=0,  (x,v) e ((0X,\I',)xS?)_ 27)
u (x,0) =u"(x),  (x,0)e (I, xS?)_ @8)
u+H gy 0 ou+H
_o ou (n+1) X 2
4 o a; o +yu", xeX, 29
u(x)=0, xedX,\I, (30)
Ju+H
(n+1) . _L —D.v-

N o1 F e L L

=,  uPCcvnvmde  xely, @D

S5v-n =0

For the model (), we obtain
s Set u® =y, and u® =y,

* then, for n >0, u™ and 4™ being known, solve successively

(n+1) (n)

u —u 1 1 .

= —— VUV S Z(K =) ul* D+ pulth in X;xS§?
& &

At
(32)

u£n+1)(x’ v) =0, (x,v) € (0X,\I';,) xS?)_ (33)
u£n+1)(x’ U) — u("+1)(x), (x’ U) e (]"12 )(SZ)_ (34)
u+H gy d ou+H
w o —_v _°_ (n+1) X

At ox; % ox; +yutrr, x€ (35)
u™*H(x) =0, xedX\oX, (36)
Jeon=[,  uP(cunvmde  xedX,noX, (37)

,v-n <0
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The problems (26)-(28) and (29)-(31) respectively (32)-(34) and
(35)(37) are fully uncoupled. Therefore, they can be solved by two inde-
pendent solvers.

Before we establish the mathematical foundations of these new
models, we shall give the integral formulations of the transport equations
(12)(15). We then describe the infinite strip problem for which we shall
develop our analysis.

Problem (10)—(13) can be written as follows

Ou,
ot
u,(x,v,1)=0, (x,v) e (X, \I';,) xS _, t>0
u,(x,v,t) =u(x, t), (x,0) eI, xS8?)_, t>0
u,(x,v,0) = u(x) (x,v) e X, xS?

+v"-Vu,+2'u, = K'u, in X, xS8?x]0,+o00[

where

v'=-v
&
2

==
2 7

, 2

K=—2K
&

We shall now derive the integral formulation of the scaled transport
equations. We proceed as in the case of unscaled transport equations. We
consider first the problem with homogeneous boundary conditions. We set

g(x, v', 1) = K'u,(x, v, 1)
and then write the problem in the abstract form

du
t=(A-X
7 ( )u,+g

Using the semigroup G5 spanned by the operator 4 — X', we obtain

u(t) = Gs(t)y+ || Gr(t—=3) g(s) ds
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where

G5 (1) uy = uy(x—0't, v) exp < —jt 2'(x—1's, v) ds> Y(t(x,v')—1)

where Y denotes the Heaviside function (Y (s) =0 if s<0 and Y(s)=1 if
s> 0).

[ G:t=9) 86 = [ Go(5) glt—s) ds
Gy(s) g(t—s) = g(x—v's, v, £ —5) exp< - fo Z'(x—0v't, v) df> Y(t(x, ') —s)
We then have
(1) =ty (x—'t, D) exp < — L’ S'(x—v's, v) ds> Y(1(x, v')—1)
+[ ge—vs 01— exp < [ T df> Y (t(x, ') —s) ds

For the complete problem (problem with nonhomogeneous boundary
conditions) we add the following term

Y(t—1t(x,v')) exp < —Lt (x,0") f(s) ds> u(x—v't(x, v"), v, t—t(x, v"))
We then obtain the integral formulation for the problem (10)— (13)
u,(t) =u,(x—0't, v) exp < —L: 2'(x—1's, v) Y(t(x,v')—1)
+'[0t g(x—1v's,v,t—s) exp < —LS 2'(x—v't,v) dr> Y(t(x,v')—s)ds

+Y(t—1t(x,0")) exp < —Jt(x’ Y 2'(x—uvs, v) ds)
Xu(x—v't(x,v'), v, t—t(x, v'")) (38)

To develop the mathematical theory of these new models, we shall
study the problem of infinite strip with isotropic collision operator. This
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problem corresponds to solving the transport equations (4) in the open
of R®

{(x, %, x3) eR% —1< x, <1} (39)

with ¥ = S? the unit sphere of R? X is constant and positive, and the
collision kernel is also constant. It is not difficult to prove that solving the
transport equations (4) in the open (39) of R*® with absorbing boundary
conditions and initial condition depending only on x;, is equivalent to
solving the following equations in the interval J—1, 1[ of R, x4 being the
projection of the velocity of neutrons on the axis Ox;

0 1 0 1
Y e p e S S(K—Du+yu, in ]—1,1[x[—1,1]x 0, +oo[
ot e Ox ¢
(40)
u(—=1Lp1)=0, >0, >0 (41)
u, (L, p,1)=0, p<0, >0 (42)
ue(x,,u,O)zu,(x) (x,,u)e]—l,l[x[—l,l] (43)
where we have
1 du
v=[-111. f=1 Ke=[ sw=. DW=u
We shall take
X=]09 1[9 X1=]0,a[, X2=]a9 1[ (0<a<1)
Hence we have
I (1, v,D)V
aij Z(x) 7vzj
1 1
_% _IUll)de
1 v du
=—j ﬂz—
2(x)J-1 2
1 1
(44)

T3
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On the other hand the transmission condition (16) becomes

e Ou

du 1 du
——Eaf D(ﬂ)ﬂT—jO us(aa Hs t)ﬂ?

Hence we have

1 86uJ1 2du 1 1ée ou

4" T 2 T4 6oy,

1 rt
= Efo us(as K, t) H dlu

And then we obtain

1 e Ou

1
Eu_ia_xl = J;) us(a’ KU, t) ,ud,u

The model () then becomes

ou,

€

ot

1 Ou 1

u, (0, u, 1) =0, u>0, t>0

u,(a, u, t) =u(a,t), u<0, t>0

u,(x, 1, 0) = u;(x) (x,v)€]0,a[ x[—1,1]
Ou 6< 1 Ou

ot ox 3X(x) 0x
u(l,t)=0, t>0

>+yu in Ja, 1[ x ]0,+ oo

1u(a t)— at)= fu(a wt)y udu t>0

32 8
u(x, 0) = u;(x), x€la, 1[

Tidriri

=—ha + 5 2(K—1T) u,+yu, in ]0,a[ x[—1,1]x]0,4+o00[

(45)
(46)
(47)
(48)

(49)
(50)
(D)

(52)

We shall make the assumptions that y is constant. Our results are valid
for more general coefficients 2 and y. We shall also assume that y < 0. This
assumption (y <0) is important for the existence of a solution to the

stationary (diffusion) problem.
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The steady problem corresponding to Eqs. (45)—(52) is as follows

—%ﬂg“ +12(K Du+yu,=0 in J0,a[ x[—1,1] (53)
u(0.)=0,  u>0 (54)
u(a, ) =u(a),  p<0 (55)
0 1 Ou .

6x<32(x)6 >+yu—0 in Ja, 1[ (56)
u(1)=0 G7)
1 e du - rl d 58
su@) =55 @ = ulapwpdu (58)

3. ANALYSIS IN L=: EXISTENCE THEORY AND POSITIVITY

In this section, we shall study the positivity and existence theory of the
solution to the problem (45)—(52) in L*. For this purpose we introduce
an iterative process which is based on the transmission time marching
algorithm and ideas of Papanicolaou.!V More precisely, we have the
following result.

Theorem 3.1. Assume that u; € L®(X) and u; >0 a.e. Then the
coupled problem has a unique solution (u,,u) in L®(X, xV)x L*(X,).
Moreover, (u,, u) satisfies u, >0 and u >0 a.e.

Proof. To prove this theorem, we introduce the following iterative
process

u®(x, v, t) = uy(x—0't, v) exp < —ft Z'(x—1's, v) ds> Y(t(x, v')—1t)
0

(@Y, u™*V) is a solution of the coupled problem

0 (n+1) 1 o (n+1) 1
uét _ __,u ua + E(K I) u(n+1)+yu(n+1)
in J0,a[ x[—1,1]x70,+00[ (59)

ul* (0, 4, 1)=0, u>0, >0 (60)
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ula, p, 1) =u"""a, 1), pu<0, t>0 (61)
u£n+1)(xa M, 0) = MI(X) (xa l)) € ]O’ [l[ X [ - 1’ 1] (62)
au(n+1) a 1 au(n+1)
—_ (n+1) : 1

pr P <3Z(x) P >+yu in Ja, 1[ x]0,+00[ (63)
w1, 1) =0, t>0 (64)
1 e Outh 1
PRCERY) e — ()
U@ D=5 — @0 |, 4@ mpdu 1>0  (63)
u(x,0)=u;(x), xelalf (66)

We first assume n=0. The boundary term (65) can be written as
follows

where >0 and > 0 (since u” > 0). Moreover, u”(x, 0) > 0.
By maximum principle we obtain

0<u® <l (67)

On the other hand, using (38), the solution of Problem (45)- (48), can
be written as follows

uP(t) = uy(x—1't, v) exp < —jt 2'(x—7',v) ds> Y(t(x,v")—1)

+jt K'uP(x—v's, v, t—5) exp < —r 2'(x—v'1,v) dr)
0 0
xY(t(x,v')—s)ds
t(x, v")
+Y(t—t(x,0"))exp < —J 2 (x—1v's, v) ds>
0
xuD(x—v't(x, v"), v, t—t(x, v')) (68)
Using the positivity of the collision integral and u", we conclude that

u® >0

&
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By induction we show that

u®>=0 Vn>1

u”>0 Vnx=1
Next, we shall show that

u® < |lwll,  n

v

1 (69)
ul <|lull, V=1 (70)
The boundedness of " is given in (68). Using (68), we obtain

ufcl) < ”usO”oo

The relations (69)—(70) are then obtained by induction.
We shall now prove that

U@+ > 4,
u£n+ 1) > ugn)
By comparison principle, we prove that

u® <y ©
Using again (68), we obtain

ugl) > uEO)
By induction we show that

u(n+ 1) > u(n)

U >

& &

The sequences ™ and u are nonegative increasing and bounded.
Therefore, they have nonegative limits u and u,. Moreover by monotone
convergence theorem the limit (u,, «) satisfies the system (45)-(52).
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We shall now prove the uniqueness of the solution to the problem
(45)-(52). Let (uy,,u,) and (u,,u,) be a pair of solutions to Problem

(45)(52), then

Uy = Uy, — Uy,

u=u2_u1
satisfy
Ou, 1 Ou, 1 .
6t__Eﬂa+?E(K_I)u£+W‘ in ]0,a[ x[—1,1]x]0,4+0o0[

u,(0,4,)=0, u>0, >0
u(a, p, t)=u(a, 1), p<0, t>0
us(xuuao):o (x,v)e]O,a[X[—l,l]

Ou 8<16u

% = 5 Tm%)”" in Ja, 1[ x ]0,4+oo[

u(l,t)=0, >0

e Ou

1
Ea(a,t)=foug(a,ﬂ,t)ﬂdﬂ >0

Jula, 1)

u(x,0)=0, x€]a, 1[

(71)
(72)
(73)

(74)

(75)

(76)

(77

(78)

By maximum principle we show that the solution u of Problem
(77)—(78) is identically 0. It is then clear that u, is identically 0. And the

theorem is proved. ||

4. EXISTENCE THEORY IN L2

In this section we shall give an existence result for the solution to our
models in L2 This result is based on Hille-Yosida theory and the methods

we introduced in refs. 14, 15. We shall work in the Hilbert space

H=LXX,xV)x L¥X,)
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with the following norm

(w1, wy)|| = (”Wl”iz(Xle)"‘ ||W2||i2(xz))l/2
We have the following existence and uniqueness result.

Theorem 4.1. Assume that u, € L*(X). Then the coupled problem
(45)—(52) has a unique strong solution.

Proof. Let A be the operator defined in H by

uow,
e Ox
A(wy, wy) = (79)

2
(Wl,w2)€H|,u% eL(X,xV), and wjeLXX,)

DA w2(1)=09 wl(O’ﬂ)zo ﬂ>0
= wi(a, 1) = w,(a) ﬂ<0>

1

le , = 1 d
Swa@) =z 5 wi@) = powi(a, ) du

Let B be the operator defined on H by

1
—?Z(K—I) Wy — 9w,

B(w,, wy) = (80)

—IW>
B is linear continu in H. By a perturbation result if we prove that A4 is the
infinitesimal generator of a €° semigroup then 4+ B is also an infinitesimal
generator of €° semigroup and Theorem 4.1 will be proved. It is clear that

D(A) is dense in H. We shall use the theorem of Hille-Yosida.®
Let A be a real number and let f € H. We shall study the problem

Find w € D(A) solution of (81)
Aw+iw=f (82)
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which corresponds to finding w € D(A) such that

ow
ga—xl+/1w1 — £ (83)

.
—3—ZW 2+},W2=f2 (84)

By a density argument we may assume that f; and f, are continuous.
By elementary methods we obtain the general solution of Egs. (83) and
(84). Using the boundary conditions we found a unique (explicit) solution
to the system (83)—(84).

We shall now prove the estimate

Iwll <-— lIA VA>1

We first set a = 5. Multiplying Eqs. (83)—(84) respectively by ¢,w,,
@,w;, and @,w,, with @,, @,, and @, positive functions to be precised later,
integrating by parts, we obtain

1 o, aW aW 1
L <ﬂ(p3—§(p3>w§dx+<xj @3 < 6x> += [piw3 “[%Wza—xz]a

= Ll P3wa f> (85)
I < ) wit[' Ll oi@—[" £wi0, 1 ,0)
= ﬁl f: @1f1w1 (86)

Similarly, we obtain
A PRGN N e (TR,
I, <z<o2 — )w1+ [, 35 wi@ ) @x@ = [ w0, 1) 92(0)

[ [ outim (87)
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Adding the boundary terms in (85), (86), and (87) and using the
coupling boundary conditions, we obtain
0
I (G mo@-4 w0 0.0))
! 2 2
+], ( wita, 1) pa(@) =3 wi0. 1) qaz(O))
o« , ow, h
+§ [ow3]i—a [ P3w, a_xz ]a
2 o u _l 0 2
=wi@) [ Zo@ =5 [ puoi(0) w0, u) dp
1o, J
5. | mvia ) gx(@) du
a ’ ’
3 @3(a) wia) +aps(a) wy(a) wi(a)

= BC (88)

We shall now give a lower bound of the boundary terms BC. Using
the boundary conditions, we obtain

ws(a) wi(a) = —— Wz( )—— <f pw(a, 1) dﬂ) w,(a) (89)

Using Cauchy-Schwarz inequality, we obtain

2 1 32 3 1 2
= wy(a) fo pw,(a, 1) du‘ <3, wi@+3 ( jo pw, (a, 1) dﬂ)

3
< wz(a)+—<j wwia, ﬂ)dﬂ> 90)
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Using Eq. (83), we obtain

[ wwita dp=2 w2 [ %,

=22 [ powi(fy =)
Hence we have
ﬁﬁﬂ%mw=%ﬁwaW%ﬁﬂMﬁ
<eld Ll La ,uzwf+% JOI La fi1—2¢el fol Joa uw?
Combining (89), (90), and (92), we obtain
2(@) wal@) wi(@) > p3(@) 2 [ [ Crm iy wi—2 @ [ [ 13
Plugging this in (88), we obtain
s> ([ o@-5 0@ )ni@
ros@ [ [ Cu—wywi-z @ [ ' 13
1o 1o,
~5z ] 0. 910 dpt | pwi(a, 1) g2(a) d
>([ fer@=5 9@ Jni@
ros@ [ [ Cu—wywi-z @ [ [ 13

1 o 1 p1
—5: | 0w 1(0) duto [ powia, 1) 9x(@) du

Tidriri

©Dn

92)

(93)

%4
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Combining (85), (86), (87), and (94), we obtain

5 f( K ‘/’1>w%+ﬁ12ﬂsw%(a,u)¢l(a)—fflzﬁgw%(o,u)fmw)

+f f < —£%> 1+f wi(a, 1) ¢,(a)— f—wZ(O 1) ,(0)
-i-J‘a1 <l§03—g(ﬂ'3’>wg dx+otj @3 <aaW >2 ~[@w3]l— [ 3w2%}:
= Jfl J: @1f1w +Ll Lﬂ P2f1w +Ll O3, [ (95)

Using Cauchy-Schwarz inequality, we obtain

f01joa<<l_%>¢l Z%@)Wldxa,ﬂ"kj j << %>(P2 éuaa(pz>wldxd,u
_[ <<'1__>¢3 2(P3>W2dx+0(f ¥ (ax2>2dX+BC
<%J: f: (Plf%+%jol '[Oa ¢2f%+%£ g (96)

Using the lower bound of BC, we obtain

0 pra 1 U 0@, 1 R AN
LJO <</1—§>¢1—Za—>w dx dﬂ—l—f _[ << §>¢2—£g>wldxd,u
ow, \2
J <<ﬂ——>¢3 2§03>W2dx+oc.[ ¢3<av;> dx
+<ﬁ1 2% (P1(a)—;(ﬂ’3(a)> wi(a) + Aps(a) ,[01 La Qu—p?) w?
1 o 20 0 d 1 pt ) p
_gj—luwl( 1) @1 (0) ﬂ+£fo wwila, p) @,(a) dp

S Lol enarerinon o
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Consider the functions ¢, and ¢, defined as follows:
pr=nx+y, 1n>0, xe[0,a]

@y = —yx+2p,, 1,>0, xe[0,a]
@s(a)+@3(a)(x—a)

%]

it is now clear that we can choose y, and y, and @;(a) and ¢}(a) such that
@1, @3, and @, are positives bounded below and above by positive constants
independent on A and such that we have

1 uop, 7
27 x> 270
1 uop, 7,
27 % ox o270
. . (98)
a n
§¢3_§(P3>§(P3(0)>0

1 a
I —Z 0 >
e ¢1(a) 5 p3(a) =0

Using (97) and the above construction of the functions ¢,, ¢,, and ¢;,
we obtain

fil f: (A=1) gwidx d,u+j01 j: (A—1) p,w?dx dﬂ+L1 G 1) puw? dix
<%ﬁ1f: ¢1f%+%f01 f: (2(P3(a)+q)2)ff+%Ll N

Because of our special construction of the function ¢,, ¢;, and ¢,, we
conclude that

C
Wl <-—IIfII Vi>1
A—1

And the theorem is proved. ||
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5. ASYMPTOTIC ANALYSIS

In this section, we study the asymptotic behaviour of the solution to
Problem (45)—(52). Let u,, and u, denote the solution to the stationary
problem corresponding to System (45)—(52), then we have

! aa””+lz(1< Du,+yu, =0 in J0,a[ x[—1,1] (99)
&
u, (0, ) =0, >0 (100)
u,(a, W) =ula), p<0 (101)
0 1 Ou, .
a<327(x) ax>+yus—0 i Ja, 1[ (102)
u(1)=0 (103)
& Ou, 1
u,(a)— I3 o D= tela W pdu (104)

Let i, = u, —u,, and & = u—u,, we then have

aa[;‘* = —%#%+§Z(K—I) i,+yiu, in ]0,a[ x[—1,1]x7]0,4+ o[
(105)
7,0, 4,£)=0, u>0, t>0 (106)
#,(a, p, t)=1i(a,t), u<0, t>0 (107)
i, (x, u, 0) = i;(x) (x,v)e10,a[ x[—1,1] (108)
Z—l: ai<321(x) gz>+yu in Ja, 1[ x 10, + o[ (109)
a(l,1)=0, t>0 (110)
1u(a 1— 328 (a 1) = j w(a, u, t) udu t>0 (111)
i(x, 0) =u,(x), x€]a, 1[ (112)

In what follows we shall omit the bar sign. We have the following
asymptotic result.



314 Tidriri

Theorem 5.1. Assume that u, € L*(X), then the solution of
Problem (45)—(52) converges in L(X, x V) x H'(X,) to the solution of the
steady problem (99)—(104) as ¢ tends to co.

Proof. We first set a = 5. Multiplying Eqgs. (105) and (109) respec-
tively by ¢,u,, @,u, and @;u with ¢,, @,, and ¢, positive functions to be
precised later, integrating by parts, we obtain

au a a
f a (plu dx— EJO (Kus_ue) (plus_yJ‘O U,p U, dx=0

10u
at%u ocj u'psudx— yj Qu’=0

Using Green’s formula and integrating with respect to 4 on ]—1, 0[, we
obtain

2dzf f% a+f f<< > r%%)ufdxdﬂ

' L e @[ L0, w910 [ Kug, =0

(113)
2 LA
2dtf Psu +ocf os(u') dx— J <W3+2¢3>u
o . Ou
+§[u o Pau 5 a=0 (114)

Similarly we obtain

2dtf f Pat 8+I j << > 2_586;:;)” dx du

B i, ) pat@) [ 20, 10 920~ 2 [ [ K, =0
(115)

Adding the boundary terms in (113), (114), and (115) and using the
boundary conditions, we obtain
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O fu U

[* (£-ui@ m) @r(@)—2-uZ(0, 1) @,(0)
-1\2¢ 2¢

1 a 1
+L <% uz(a, 1) ,(a) —% u*(0, ) ¢2(o)>+ [olu?] — [%u % ]a

0 1 (o
=@ [ @)= [ npi(0) (0. ) dp

32, 1, 1) 9:(0) a5 93(a) w(a)+ 2 0) uta) ')

= BC (116)

Proceeding as in the previous section, we obtain the following lower
bound for the boundary terms

50> ([ Lo@=-5 010 )@~ 0u@ [ it

L% o 0y dpt— (" a2 du (117
_28j_1/me(,u)¢1() H 28j0 uua, p) o (a)du (117)

Combining (113), (114), and (115), we obtain

2d¢j J, o €+f f<< > 1‘%%)”561“{”
—éz J‘: J: Ku,p,u,
2dt<[ j Pu’ +J J << ) 2—%%>u§dxd,u
—é p) fol L)a Ku,p,u,

-~ 2 z ” 2 —
+2dtj Psu +oc_[ P3(u')> dx— j<y¢3+2(p3>u +BC=0  (118)
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Next we shall give an estimate of the collision integral terms. We have
using Cauchy—Schwarz inequality

" 17w <t [ ot s

0 a
+%f f @yu(x, 1) dp dx
—-1J0

< fil f: <f01 ? dﬂ) uy(x, ) dpdx

+1[" [ i, wy dpedx
—-1J0

<[ ([} onaw) (' iy ) ax

1 pa
+1[ [ oaudx, ) dpdx
0 J0

< fil f: <f01 ?, dﬂ) uy(x, p) dp dx

1 ra
+1[ [ paide, ) dp dx
0 J0

I i

‘We then obtain

uop 1 0 1L
2dtf j(pl £+f f<< >¢1 2e Ox 822[ _1¢1d'u+2(p1]
_lZZfl(pzd,u’>u§dxd,u
& 0
Lop, 1 o )
vxgil Lo+ [ ((GE-r) g -z o
1 1 ' 1 2
—;2“0 P dp +5¢2Du6dxdﬂ

-z 2 o w2 <
+2dtf Psu +ocf @3(u') dx— f <V¢3+2<p3>u +BC<0
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Using (117), we obtain

2dtj fq’l 6+j J<< )%—2&8%—%2 flq"d"'
_ézfol(pzd,u)uﬁdxd,u
2d¢j Rz f+j Js << >¢2—£%—§22 fl(”ld“'

_lzzj‘l(ﬁzd,u’)ugdxd,u
€ 0
a , 2
2dtf P3u +j oc(ﬂs(u) dx— J <y(p3+§(p3>u
- B 2 g1 Yoo
+<f_128 ¢1(a) 2(P3(a)>u (a) 8(p3(a) fo pul(a, )

1 o 1 p1
—5 | 0, ) 910y dpt - | e, 1) @r(@) du <0
2eJ -1 2¢Jo

If we choose ¢, and ¢, such that
0
L Pi(x, W) dpu=1

1
fo @2(x, ) dp =1

we obtain

2dtf f(”l e*f f( < 2> wl—z—?)u dx dy
wy gl [ f( < ¢z—2> Y9 — ;‘agf)u dx du
2dzj Pat +J aps (u')” dx— f <w3+2¢3>
+< [ gfpl(a)—%q»;(a)) uZ(a)+% NG (% qoz(a)—ﬂ%(a)) W (a, 1)

1 ro
5 L (0, 12) ¢1(0) dpu <0 (119)
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Therefore, it becomes clear that we can choose ¢,, ¢,, and ¢, positive
functions bounded below and above by positive constants independent on
4 and x, and satisfying

(37}

1 1 U 0,
=2 =p,—2 |- —_— =
3 <2(/’1 > P % Ox ?1
1 1 & 0,
=2 =p,—2 |— —_ =
e <2(P2 ) VP2 2% Ox 2
a ”n
_V¢3_§(P3=(P3
o u a ,
ad = >

[ S @5 0ka)>0

1
5 92(@)— ngs(a) >0

Using (119) and the above construction of the functions ¢,, ¢, and ¢;,
we obtain

0 a 1 ra 1
J f ¢1”§+J J (ﬂzuf‘i‘J (p3u2
—1Jdo 0 Jo a

0 a 1 ra 1
Sem[ f—ljo (/’1“§0+f0 jo @2“20"‘[ €93”g]

Because of our special construction of ¢,, ¢@,, and ¢;, we obtain
0 a 1 pa 1 1
[ [t [Tw2+] wt] @
—-17J0 0J0 a a
0 a 4 1 pa 5 1 2
<o [ [ ] [P '
—-1J0 0 Y0 a

This concludes the proof of our theorem. ||

6. CONVERGENCE ANALYSIS OF THE TRANSMISSION TIME
MARCHING ALGORITHM

In this section we study the convergence properties of the transmission
time marching algorithm applied to the coupled system (45)—(52). Our
analysis is based on the methods of refs. 14, 15.
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If we apply the transmission time marching algorithm to the model ()
(45)-(52), we obtain the following algorithm

u(n+1)_u(n) 1 au(n+1) 1
€ e _ _ € —Z K—I (n+1) (n+1)

- Y e ( )u,"" +yu,

in 70,a[ x[—1,1] (120)
ul 0, u)=0, pu>0 (121)
ul a, ) =u"""a), p<0 (122)
u(n+1)_u(n) a 1 au(n+1)

_Y (n+1) ; 1 123

At P (3Z(x) o >+V” i Ja 1f (123)
u®* (1) =0 (124)
1 e oumtv
S U@ 35— @ = j u®(a, p) pdu (125)
uEO)(xa ,u) = uI(x)a (xa ,u) € ]03 a[ X [_ la 1]3 u(O)(x) = ul(x)7

x € Ja, 1[ (126)

We have the following convergence theorem.

Theorem 6.1. Assume that u, € L%(X). Then the solution to the
coupled problem (45)—(52) converges in LX(X, xV) x H'(X,) as n tends to
00 to the solution of the corresponding steady coupled problem (99)— (104).

Proof. settlng c= %’ U, = ugnJrl)_uss’ fs = ugn)_usss u= u(n+1)_us,
f =u™—u,, we obtain

c(u,—f,)= —l,u%+122(1(—1) u, +yu, in ]0,a[ x[—1,1] (127)
e Ox ¢
u,(0, ) =0, u>0 (128)
u,(a, p) = u(a), u<0 (129)
1 Ou )
c(u—f)= 8x<32(x)6 >+yu in Ja, 1[ (130)
u(1)=0 (131)
1 e Ou
S U@ =355, (@ = ffg(a W udp (132)
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Multiplying Eqgs. (127) and (130) respectively by ¢,u,, @,u,, and @,u
with ¢,, @,, and @, positive functions to be precised later, integrating by
parts, we obtain

We then obtain

0 (a 0 pa 1 uopy\ ,
[ [etwtoom ] (520 ) o0 Yui e

' L@@ Lwo.we0 -5z [ Kupu =0

(133)
[T ew—room+[' [ (( )«pz—zﬁs%)uidxdu

) (MK Lot _
+f0 % u(a, u) p,(a) fo % u;(0, 1) ,(0) o ») L fo Ku,p,u, =0
(134)

where a = 5.
Adding the boundary terms in (133) and (134), and using the
boundary conditions, we obtain

.[: <2ﬁg uX(a, p) (P1(a)_2£8 u;(0, p) (P1(0)>
0 1
+f <— ul(a, 1) (/Jz(a)— u;(0, ) (/’2(0)>+g lpale—a [%u% ]a
@ [ Lgy@ 5[ 1100, ) dn

1 1 « ,
t5 fo pui(a, 1) @,(a) du —5 93(a) u(a) +ops(a) u(a) u'(a)
= B¢ (135)
Proceeding as in the previous sections, we obtain
0 H a ., 2 1 1 22
= N —_— = —_
BC > <j_1 % @1(a) 2 (Ps(a)> u*(a) . @s(a) L w2f Xa, 1)

1 o 1 r1
—o- [ w20, 1) 91(0) dpto- | (e, w) po(@) du (136)
2eJ 1 2¢Jo
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Combining (133) and (134), we obtain
0 a 0 a 1 Yz a(pl 3
[ et toous ] (520 ) o us dx

5[ [ Ko
+f01 La c(u,— 1) §0zu8+f01 La<($z_y>%_%%> u>dxdu
5[]} Kupn
+], cw=ppura]] ‘”3(“’)2"’“—[: <7¢3+g¢§'>u2+BC ~0

(137)

Using the estimates of the collision integral terms obtained in the
proof of the theorem about the large time behaviour, we obtain

[ Lcwrou] [((Gz-1) ot
_éz‘[ﬁl @, d,u’—l—%(pl ]_ézjol% d,u’)uﬁ dxdu
oo ryon e[ (he=r )£ k5] 0w
—%2[ fol ? du'+%¢2]>u§dxdﬂ

a 1 1 o,
], eu=1) psuta | o) dx—| (y(p3+§§03>u2+BC<O
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Using (134), we obtain

0 a 0 a 1 #a(ﬂl 1 0 '
J_IL c(u,— 1) (01ug+f_1fo <<2—822—V>(P1 —z—ag—e—sz_l(m du
1 1 )
——2Ef (pzd,u’>u£dxd,u
€ 0
1 pa 1 ra 1 ﬂa(oz
e toom [ [ (a2 ) o252
1 0 ’ 1 ! ’ 2
_?Zf_l¢ldﬂ —;EL (Pzdﬂ>“edxa'ﬂ
a 1 1 o,
#[l =) gt [ apsran= [ (roirg 0t )i
o u _x 2 _1 U
+<j_128¢1(a) 2<p3(a)>u(a) ~0u(@) | wfia p)
1o e,
% f_l pu(0, 1) @1 (0) dpu+ - fo puz(a, ) ¢x(a) du<0
Using Cauchy—Schwarz inequality, we obtain
0 ra 1 c uop, 1 0 1 1
SR SR PR sl £ W dy —= = dy
f—ljo <<2£2 y+2>(p1 2¢ 0x & f—l(pl rg fo et
5 1 ra 1 c uop, 1 0 ,
— 4= | 2=
xuedxd,u+fojo <<2£2 y+2>(p2 2¢ ox ¢&* _1¢1d'u
1 1 1 1 c x
~p [l ) dxdu [ apsrax [ (57 ) o= ot )
0 ﬁ _g ! 2 _1 Lo
+(j_128¢1(a) 2¢3(a)>u(a) RACINGECYD
1 o ) e,
—o- | a0, 1) 9,(0) -t [ il(a, 1) po(a) dp
2e )1 2¢eJo

<[5l [ Sor w
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If we choose ¢, and ¢, such that

0
f_lcol(x, wdp=1

1
jo @, (x, 1) dp =1

we obtain
(3ot e
L 5ot
+j ocq03(u)2dx+j <<——y><p3 2¢3>
+H([' Lo@-304@ Jw@ -1 0@ [ e
_218 f il 3(0, 1) ¢,(0) d,u+2l8 fol puy(a, ) py(a) du

<[ [[Sousi+] [[Souri+] S0 (139)

Therefore, it becomes clear that we can choose ¢,, ¢,, and ¢, positive
functions bounded below and above by positive constants independent on
4 and x, and satisfying

1 /1 L 09,
=2 =0, -2 =0
o) <2 ?1 > Y1 — 2% Ox ?1

1 1 & 0,
X0, =2 ) —yp, —— L2 =
pe (2% > L 0P,

—y¢3—§¢3—5¢3

0 u a ,

Ead — >
f_lzg(pl(a) 5 PX(@)>0

1
2 ¢,(a)—ups(a) =0
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Using the above construction of the functions ¢,, ¢,, and ¢@;, we
obtain

llg, 1172+ llull 7 — 0

This concludes the proof of our theorem. ||

7. CONCLUSIONS

In this paper we proposed new models for the solution of transport
equations in the case of intermediate regimes. We then have established the
mathematical foundations of these new models. Our method consists of
coupling the transport equations with their diffusion approximations. The
transport equations are to be solved only in a small domain where the dif-
fusion approximations are not accurate, while on most of the domain we
solve the diffusion equations. The resulting method has the great advantage
of using the correct model related to the physical features of the system.
The proposed method gives an easy way of supplementing and testing a
large variety of transport boundary conditions. Another advantage of the
proposed method is that it can be applied in situations where the direct
simulation of the transport equations is not possible (because of the lack of
memory place and computer power. Because of the crucial importance of
these new models in mathematical physics, we have developed their
mathematical foundations. Our mathematical theory includes a rigorous
derivation of the models the existence theory in L® and positivity of the
solutions to our models, the existence theory in L? the analysis of the
asymptotic behaviour of the solutions, and the convergence of the trans-
mission time marching algorithm applied to these new models. This
mathematical theory is based in an essential way on the methods we intro-
duced in refs. 14, 15. Other applications of these methods to problems of
mathematical physics can be found in the work refs. 16, 17.
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